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Abstract

Problem: This paper address the utility of Generalized Pareto Distribution in scheduling the
production quantity and selling price of an inventory system. The stochastic inventory systems are
useful for developing EPQ models in which the replenishment and life of the commodity are random.
Methodology: Here it is assumed that the replenishment (production) as well as life time of the
commodity follow Generalized Pareto Distributions with different parameters. The Generalized
Pareto Distribution includes different types of production rates and deterioration rates. Findings: It
is also assumed that the demand is a function of selling price. With suitable cost considerations and
assuming shortages are allowed and fully backlogged the instantaneous state of inventory is
derived. Conclusion: By maximizing the total profit rate function the optimal ordering quantity,
selling price and production up and down times are derived. The sensitivity analysis of the model
reveals that the random production distribution and deterioration distribution parameters have
significant influence on the optimal operating policies of the model. This model also includes some of
the earlier Economic Production quantity Models as particular cases. This model also includes the
models without shortages as a limiting case.

Keywords: EPQ models, Selling Price Dependent Demand, Random Decay, Random Production.

Introduction

Recently the stochastic modeling of Economic Production Quantity gained due importance, due
to its utility in developing optimal production schedules . In derives the Economic Production
Quantity models it is customary to consider that the various different assumptions on the
constituent components of the model namely production (replenishment), life time of the
commodity and demand pattern Srinivasa rao et al. [16], several authors developed Economic
Production Quantity models for deteriorating items with random life time. The deterioration may
be due to random factors such as environment conditions, storage facilities, processing
methodology, quality of raw material. A good deal of literature on inventory models for
deteriorating items has been presented by Nahmias [9], Raafat [12], Goyal, S. K and Giri [7],
Ruxian, LI, Lan, H. and Mawhinney [13], Pentico [11], to develop the stochastic Economic
Production Quantity models for deteriorated items the researcher consider differently
production distribution in characterizing, the life time of the commodity Ghare [4], Shah and
jaiswal [14], life time of the commodity, Cohen [2], Aggarwal [1], Pal [10], Giri, B. C and
Chaudhuri [5], and others have develops Economic Production Quantity models with the
assumptions, that the life time of the commodity is exponential.

Tadikamalla [19] assumed that the life time of the commodity follows Gamma Distribution.
Covert, R.P. and Philip [3], Goel, V. P and Aggarwal [6], Venkata Subbaiah et al. [20], have
consider the life time of the commodity follows a Wibull Distribution . Srinivasa Rao et al. [17],
developed inventory models with Generalized Pareto life time. The Generalized Pareto life time
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distribution is a more useful distribution which characterizes the increasing the rate of
deterioration more efficiently. In all these papers it is assumed that the production rate is finite
constant. But in many practical situation it is observed that the production process is a random
due to influences of various random factors such as skill level of the manpower, quality of raw
material, power supply, breakdowns, maintenance.

Srinivasa Rao, K, Punyavathi,B [22], developed Inventory model with generalized pareto rate of
replenishment having time dependent demand.

Recently Sridevi et al [15], Srinivasa rao et al [18], Lakshmana Rao et al [19] have Economic

production quantity models with random production. They assumed the production process is
characterized by Wibull Distribution. Srinivasa Rao, K, Punyavathi,B [21] assumed On an EPQ
model with generalized pareto rate of replenishment and deterioration and constant demand.

Very little work has been reported regarding stochastic Economic Production Quantity
models with Generalized Pareto Rate of Production and deterioration. The Generalized Pareto
Rate of Production is a common phenomenon in production processes where the production
rate is time dependent. Hence in this application we develop and analyze a stochastic Economic
production quantity models with Generalized Pareto Rate of Production and deterioration and
production having Selling Price Dependent Demand. The Selling Price Dependent Demand is a
common phenomenon server of the production scheduling problems in which demand is a
function of selling price. Using stochastically differential equations the instantaneous inventory
is derived and analyzed. The rest of the paper is organized as follows.

Assumptions
The following assumptions are made for developing the model.
i) The demand rate is a selling price dependent demand and is of the form
AS)=(Mm—06s); 0<O<1 (1)
Where 1’ and ‘@’ are parameters and ‘s’ is a selling price dependent demand.
ii) The replenishment is finite and follows a two parameter Weibull distribution with
probability density function

1
_1(q_ByEt, . @
f(t)—a(l a) ,(viO),O<t<ﬁ.

Therefore, the instantaneous rate of replenishment is

_ f@® 1,
k@) = Zos= i >0 2)

iii) Lead time is zero
iv) Cycle length, T is known and fixed

V) Shortages are allowed and fully backlogged
vi) A deteriorated unit is lost
vii) The deterioration of the item is random and follows a generalized Pareto distribution.

Then the instantaneous rate of deterioration is

__ 1. M
h(t) =775 0<t<3 (3)

Notations

Q: Ordering quantity in one cycle

A: Ordering cost

C: Cost per unit

h: Inventory holding cost per unit per unit time
m: Shortages cost per unit time

s: Selling price per unit

6,: Parameters of Weibull distribution

P(t): Profit rate function per unit time.

I(t): Inventory level at any time ‘T
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Inventory model with shortages

Consider an inventory system in which the stock level is zero at time t=0. The Stock level
increases during the period (0, t1), due to excess production after fulfilling the demand and
deterioration. The production stops at time t; when the stock level reaches S. The inventory
decreases gradually due to demand and deterioration in the interval (t; tz). At time t, the
inventory reaches zero and back orders accumulate during the period (tz, t3). At time t3 the
production again starts and fulfils the backlog after satisfying the demand. During (t3, T) the back
orders are fulfilled and inventory reaches zero at the end of the cycle T. The Schematic diagram

representing the instantaneous state of inventory is given in Figurel

V'S
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t3 T

v
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———— > time(t)

Fig 1: Schematic diagram representing the inventory level with shortages.
The differential equations governing the in the cycle time [0, T] are:

d 1 1

1) + (h_lzt) 0= Zz~-@—6s) ; 0<t<p (4)
d 1w _ _

El(t)m = n Os ) (] <t< t, (5)
S1(t) = —n—0s 5 L St<ty (6)
d 1

Zl(t)—a_—ﬁt—r)—es ; t;<t<T (7

Solving the differential equations (4) and (7) using the initial conditions,
[1(0)=0,1(t1)=S,I(t2) =0and]I (T) =0, one can obtain the on hand inventory at time ‘t’ as

1
A — At \%2 n—0s n—0s
1 =—— P — - —
(t) (Al - AZtl) [ /12 - 1 (/11 AZtl):l + /12 - 1 (Al AZt)
t1 _1
i (/11 - /12t) AZ
— (L — L | XL 27 quo<t<
1 — A1) ZJ «— pu du; 0<t<t, (8)
t
1
= (Mt [ _nz0s . n=0s 5 _ .
0= (F52) s -TE M-+ E5 U -4 0<t <t 9)
IX)= —0s)(t,—t); t,<t<ts (10)
1(t)=lln(“‘—’")+( —0s)(T—1t); ty<t<T (11)
g N\azpe) TN pota=t=

Stock loss due to deterioration in the interval (0, t) is

t t
L(t) = f k(t)dt —f (m—0s)dt—I(t); 0<t<t,

This implies
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1

ﬁ _F /‘ll_lzt n_GS
b =in(1-20) 7 - ooy (AT [ T8, )
(T) =In p ( s) X — At S X, — 4 at1)
_r
n—0s %J'tl(/ll — Au)
— — — _— <t<
+lz—1(/11 Aot) = (A4 = At)% : p— dup; 0<t<t
B 7 Ay = At Tz 0
ﬁ 1~ Zt AZ T]_ S
n(1-E0) " - - o (YR 128 )
n o (™ s) A — At S /12_1(1 2t1)
n—20s
+ /12_1(/11—/120}: ti<t<t,

Stock loss due to deterioration in the cycle of length T is
1

= B Y-
L(T) = In (1 g tl) (1 — 0s)t,
Ordering quantity Q in the cycle of length T is

_rta T _1 a(a—pLt3)
Q = [y k(®)dt + [ k() = Fin [ ] (12)
From equation (4.3.5) and using the condition I (0) = 0, we obtain the value of ‘S’ as

1 1 1 1
$ = (= A8 [ 2 G = 2w o+ 22|y = Apty) = 2472y = Aoty )|

1
a—-pu

(13)

From equation (9) and using the condition I (t;) = 0, one can get
A2

1 0s)(A1—A,t % -2
t2:__< (n—6s)(A1—22t1) ) (14)

M=0s)(A1—2A2t1)—-S(A1-1)

Substituting the values of ‘S’ given in equations (13) in (14 ), one can get t; in terms of t; as

(n-05)-22
— 11 _ 1-4y —
2= Az[ ! (n—esxal—azrl)—saz—n] = x(t,5) (15)
When t = t3, then equations (10) and (11) become
I(t3) = (n —6s)(t; — ts) (16)
And
_ 1 a—-BT _ _
1) = 3InCEED) + (1= 05)(T — t5) (17)
Equating the equations and on simplification, one can get
ty = %[a — (@ — BT)ePm-0)(T-t2)] (18)

Substituting the values of t; from (15) in equation (16), one can get t3 in terms of t;

1
(n-6s) B
t; = (Tﬁ - na—S(T — x(tl,s)))

Let y(t;,s) = (@-65) (T — x(ty,s)) (19)

a

1
ty = (TF = y(ty,5))’ (20)
Let K (t;,t, t3, ) be the total cost per unit time. Since the total cost is the sum of the set up cost,
cost of the units, the inventory holding cost and shortage cost, the total cost per unit time

becomes
A CQ h tq ty T t3 T
K(ty, tots,s) ==+ —+ —(f 1(t)dt +f 1(t)dt ) + —(f —I(t)dt + f —1(t)dt >
T T T\J, t T t) ts
(21)

Substituting the values of I (t) and Q in equation (19) and on simplification one can obtain K (ti,
tz, t3, ) as

A
K(ty, tyt3,8) = =

c1 ala — Bts)
T+?El[

M@= pr(a - BT)]
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n—0s A t2
e UCR |

n—-0s 2 T—t3 a—ft3 a—-BT
R - T + 265(T - 1)) - 2 = L2 (20D} (22)

Let P(t4, t3, s) be the profit rate function. Since the profit rate function is the total revenue per
unit minus total cost per unit time, we have

P(ty,ts,5) =s(n —0s) — K(t;,t,, t3,5) (23)

Substituting the equations (13), (15), (18) and (20) in equation (21), one can get the profit rate
function in terms of ‘t1’ and ‘s’ as

1
(A4 — Ayt %2

P(tns) = sty —6s) -2 C L{ _aﬁtl y(tl, s)]
h( (&
——{ f (A — A,t)%2 Ut 7 1~ 20 /12du> dt
[A = Azx(tl,s)gﬂlf v (1, — L) '12du + #&Szu)
2
[ o [/11 (e sV~ 2 |+ T > hux(ey,s )——AZ("(;'S) )]}
_;{n 26 [x(ty,$)* = T?] +2 [E - BﬁT ey(tl's)] [T — x(ty,s)]
— 5t = eI — y(ty, 9)1] (24)

Optimal pricing and ordering policies of the model with shortages
In this section we obtain the optimal policies of the production model under study. To
find the optimal values of t;, s and s we obtain the first order partial derivatives of P(t,, t5, s)
given in equation (17) with respect to t;, s and s and equate them to zero. The condition for
maximization of P(t,, s) is
0%P(ty,s) 02%P(ty,s)

| ot otds | _ o
~|a2P(ty,s) 82P(ty,s)
at,0s ds?

Using equation (15), one can get
& _ 0x(tqy,s)

atq atq

LetZ (tl, S) = ax(tl 2

(25)

From equations (15) and (23), one can get
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A2 _1 _r
Za (t1,5) = (0 = 05)722 == (g = 2a) 72 || Qo = D [y =50 (o = Apw) 2 du = (1 —

_1
1 A2-1)

ot
0s)A, " (26)

LetZ; (t1, S) = aX(tl $)

(27)

Using equation (1 5), equation (25) can be written as

7 __°0 _%H (/121-1) _%H f1_1 _li
2(tas) =75 |4M " (1= 0))@ | (=094, = (e =D [} 55 (= 2w) %2 du | =

A2

1-2A2 —%+1 ¢ _1 s
—0s)71 | (=042 — (= 1) [ — Jw) 7 du
(28)
Zs (t1,5) = 2 (29) where, x (t,,

s) is given in equation a7

Using equations (17) and (27), Z3 (t1, s) can be written as

Z (t1,5) = ePT9(T — x(t,, 9))[~B 1 — 05)(Za(tr, 9)] - [BO(T — (21, )] (30)

Differentiate P(t,, s) given in equation (22) with respect to t;, using equations (17) and (24) and
equating to zero, one can get

NEEEEY
«—pt, Tp a5 Y&

A‘l_

t1

1
Aox(ty, )% (Z1 (t1,

Ax+1 |71

1
— ) /12du] | [/11—

+ Z__Hi (Z1 (t1, 5))[/11 _/111_% — x(ty, 5)]}

1
Jox(ty, 5|

a

(1= 09)24(01,9) [x(t1,9) = [§ = @) Ty (01,9) IT — x(t1,5)]

+ 2y, )07 Sy () (31)

Numerical illustration of the model with shortages:

In this section we discuss the solution procedure of the model through a numerical illustration by
obtaining the production uptime, production down time, optimal selling price, optimal quantity
and total profit of an inventory system. Here, it is assumed that the commodity is of deteriorating
nature and shortages are allowed and fully back logged. The following parameter values one
considered for illustrations:

A =150, 200, 250,300; o=10,11,12,13

C=10,11,12,13; B=0.50.55,0.6,0.65

h=2,2.2,2.4,2.6; A1=100,102,104, 106

n=0.506,0.65 2A,=10,11,12,13

n=15,155,16,16.5; 6=0.5,0.51,0.52,0.53; T=12.
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The values of above parameters are varied further to observe the trend in optimal policies and

the results obtained are shown in Table 1.

Table1l (a): Optimal values of production schedule, selling price and production
for given values of the parameters and costs

A C h i1 T o B A4 Y n 0 t1 ts s Q K
150 | 10 2 05 |12 | 10 0.5 100 10 2 15 [ 0.5 | 5324 | 699 | 53.178 | 0.691 | 17.143
200 | 10 2 05 | 12| 10 0.5 100 10 2 15 [ 0.5 | 5308 | 6.99 | 53.021 | 0.69 | 21.252
250 | 10 2 05 |12 | 10 0.5 100 10 2 15 [ 0.5 | 5293 | 699 | 52.863 | 0.689 | 25.361
300 ( 10 2 05 | 12| 10 0.5 100 10 2 15 [ 0.5 | 5277 | 6.99 | 52.705 | 0.688 | 29.47
150 | 11 2 05 |12 | 10 0.5 100 10 2 15 | 0.5 | 5.325 | 6.988 | 53.176 | 0.691 | 17.202
150 | 12 2 05 |12 | 10 0.5 100 10 2 15 | 0.5 | 5.326 | 6.986 | 53.174 | 0.692 | 17.26
150 | 13 2 05 |12 | 10 0.5 100 10 2 15 | 0.5 | 5.326 | 6.984 | 53.171 | 0.692 | 17.319
150 | 10 | 2.2 05 |12 | 10 0.5 100 10 2 15 | 0.5 | 5353 | 6.99 | 53.448 | 0.693 | 17.624
150 | 10 | 24 05 |12 | 10 0.5 100 10 2 15 [ 0.5|5381 | 699 | 53.76 | 0.695 | 18.272
150 | 10 | 2.6 05 |12 | 10 0.5 100 10 2 15 | 0.5 5381 | 6.99 | 53.764 | 0.759 | 18.262
150 | 10 2 0.55 | 12| 10 0.5 100 10 2 15 [ 0.5 | 5324 | 6993 | 53.18 | 0.691 | 17.115
150 | 10 2 06 |12 | 10 0.5 100 10 2 15 | 0.5 | 5.324 | 6.995 | 53.182 | 0.691 | 17.087
150 | 10 2 0.65 |12 | 10 0.5 100 10 2 15 | 0.5 | 5.324 | 6.998 | 53.184 | 0.691 | 17.06
150 | 10 2 05 |12 | 11 0.5 100 10 2 15 | 0.5 | 5.321 | 6.994 | 53.179 | 0.593 | 17.038
150 | 10 2 05 |12 | 12 0.5 100 10 2 15 [ 0.5 | 5.318 | 6.997 | 53.181 | 0.52 | 16.958
150 | 10 2 05 |12 | 13 0.5 100 | 10 2 15 | 0.5 | 5.316 | 6.999 | 53.182 | 0.464 | 16.894
150 | 10 2 05 |12 | 10 | 0.55 | 100 | 10 2 15 | 0.5 | 5.325 | 6.987 | 53.178 | 0.743 | 17.206
150 | 10 2 05 |12 | 10 0.6 100 10 2 15 | 0.5 | 5.325 | 6.984 | 53.179 | 0.807 | 17.274
150 | 10 2 05 |12 | 10 | 0.65 | 100 | 10 2 15 | 0.5 | 5326 | 6981 | 53.18 | 0.892 | 17.355
150 | 10 2 05 |12 | 10 0.5 102 10 2 15 [ 0.5|5324 | 699 | 53.18 | 0.691 | 17.147
150 | 10 2 05 |12 | 10 0.5 104 | 10 2 15 | 0.5 | 5325 | 6.99 | 53.182 | 0.691 | 17.15
150 | 10 2 05 |12 | 10 0.5 106 10 2 15 [ 0.5 5325 | 6.99 | 53.183 | 0.691 | 17.154
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Tablel (b): Optimal values of production schedule, selling price and production
for given values of the parameters and costs

150 | 10 2 05 |12 10 0.5 100 | 11 2 15 0.5 | 5323 6.99 | 53.176 | 0.691 | 17.136
150 | 10 2 05 |12 | 10 0.5 100 | 12 2 15 0.5 | 5323 | 6.99|53.173 | 0.691 | 17.129
150 | 10 2 05 |12 | 10 0.5 100 | 13 2 15 0.5 | 5322 | 6.99|53.169 | 0.691 | 17.12
150 | 10 2 05 |12 | 10 0.5 100 | 10 | 24| 15 0.5 | 5331 | 6991 | 53.255 | 0.692 | 17.271
A C h b1 T o B A4 VP n 0 t tz S Q K
150 | 10 2 05 |12 10 0.5 100 | 10 | 2.8 | 15 0.5 | 5329 | 6991 | 53.238 | 0.691 | 17.237
150 | 10 2 05 |12 | 10 0.5 100 | 10 | 3.2 | 15 0.5 | 5323 [ 6991 | 53.172 | 0.691 | 17.118
150 | 10 2 05 |12 10 0.5 100 | 10 2 | 155 0.5 531 | 6.99|53.187 | 0.69 | 16.942
150 | 10 2 05 |12 10 0.5 100 | 10 2 16 | 0.5 | 5297 | 699 | 53.196 | 0.69 | 16.743
150 | 10 2 05 |12 10 0.5 100 | 10 2 |16.5| 0.5 | 5283 | 6.991 | 53.205 | 0.689 | 16.546
150 | 10 2 05 |12 10 0.5 100 | 10 2 |15 0.51 | 5338 [ 6.99 | 53.232 | 0.692 | 17.369
150 | 10 2 05 |12 10 0.5 100 | 10 2 |15 0.52 | 5351 | 6.99 | 53.286 | 0.693 | 17.597
150 | 10 2 05 |12 10 0.5 100 | 10 2 |15 0.53 | 5.364 | 6.99 | 53.339 | 0.694 | 17.827
Sensitivity analysis of the model with shortages
Sensitivity analysis is carried to explore the effect of changes in model parameters and
costs on the optimal policies, by varying each parameter (-15%, -10%, -5%, 0%, 5%, 10%, 15%)
at a time for the model under study. The results are presented in Table 2. The relationship
between the parameters and the optimal values of the production schedule is shown in Figure 1.
Table 2 (a): Sensitivity Analysis of the Model - With Shortages
Variation Optimal Change in parameters
Parameters/Costs | Values -15% -10% -5% 0% 5% 10% 15%
A t” 5.331 5.329 5.326 5.324 5.322 5.319 5.317
t3* 6.99 6.99 6.99 6.99 6.99 6.99 6.99
s 53.249 53.225 | 53.202 | 53.178 | 53.155| 53.131 | 53.107
Q 0.692 0.691 0.691 0.691 0.691 0.691 0.691
P 15.294 15911 | 16.527 | 17.143 | 17.759 | 18.376 | 18.992
C t" 5.323 5.323 5.324 5.324 5.325 5.325 5.325
t3" 6.994 6.993 6.991 6.99 6.989 6.988 6.987
s 53.182 53.18 | 53.179 | 53.178 | 53.177 | 53.176 | 53.175
Q 0.691 0.691 0.691 0.691 0.691 0.691 0.691
P 17.055 17.084 | 17.114 | 17.143 | 17.172 | 17.202 | 17.231
h t" 5.28 5.295 5.31 5.324 5.338 5.353 5.367
3" 6.99 6.99 6.99 6.99 6.99 6.99 6.99
s 52.729 52.88 53.03 | 53.178 | 53.326 | 53.448 | 53.617
Q 0.689 0.689 0.69 0.691 0.692 0.693 0.694
P 16.352 16.61 | 16.874 | 17.143 | 17.417 | 17.624 | 17.982
n t” 5.324 5.324 5.324 5.324 5.324 5.324 5.324
3" 6.986 6.988 6.989 6.99 6.992 6.993 6.994
s” 53.175 53.176 | 53.177 | 53.178 | 53.179 53.18 | 53.181
Q 0.691 0.691 0.691 0.691 0.691 0.691 0.691
P 17.185 17.171 | 17.157 | 17.143 | 17.129 | 17.115| 17.101
o t” 5.331 5.328 5.326 5.324 5.322 5.321 5.319
t3" 6.982 6.985 6.988 6.99 6.992 6.994 6.995
s” 53.177 53.178 | 53.178 | 53.178 | 53.179 | 53.179 53.18
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Q 0.93 0.833 0.755 0.691 0.638 0.593 0.554

P 17.383 17.287 | 17.209 | 17.143 | 17.087 | 17.038 | 16.996

B t" 5.323 5.324 5.324 5.324 5.324 5.325 5.325
t3* 6.996 6.994 6.992 6.99 6.989 6.987 6.986

s 53.179 53.179 | 53.179 | 53.178 | 53.178 | 53.178 | 53.178

Q 0.63 0.649 0.669 0.691 0.716 0.743 0.773

P 17.052 17.083 | 17.113 | 17.143 | 17.174 | 17.206 | 17.239

A4 t” 5.321 5.322 5.323 5.324 5.325 5.326 5.327
t3* 6.99 6.99 6.99 6.99 6.99 6.99 6.99

s 53.161 53.168 | 53.173 | 53.178 | 53.186 | 53.192 | 53.198

Q 0.691 0.691 0.691 0.691 0.691 0.691 0.691

P 17.105 1712 | 17.133 | 17.143 | 17.152 | 17.161 | 17.170

A, t” 5.325 5.324 5.324 5.324 5.324 5.323 5.323
t3" 6.99 6.99 6.99 6.99 6.99 6.99 6.99

s 53.183 53.181 | 53.179 | 53.178 | 53.177 | 53.176 | 53.175

Q 0.691 0.691 0.691 0.691 0.691 0.691 0.691

P 17.512 17.149 | 17.146 | 17.143 17.14 | 17.136 | 17.133

n t" 5.309 5.315 5.32 5.324 5.327 5.329 5.33
t3" 6.99 6.99 6.99 6.99 6.99 6.99 6.99

s 53.012 53.081 | 53.136 | 53.178 53.21 | 53.236 | 53.247

Q 0.69 0.691 0.691 0.691 0.691 0.691 0.692

P 16.863 16.979 | 17.072 | 17.143 | 17.197 | 17.224 | 17.259

Table 2 (b): Sensitivity Analysis of the Model - With Shortages
Variation Optimal Change in parameters

Parameters/Costs | Values -15% -10% -5% 0% 5% 10% 15%
t" 5.385 5.365 5.345 5.324 5.304 5.283 5.262
ts" 6.99 6.99 6.99 6.99 6.99 6.991 6.991

s 53.139 53.152 | 53.165 | 53.178 | 53.191 | 53.205| 53.219

Q" 0.695 0.694 0.692 0.691 0.69 0.689 0.687

P 18.073 17.758 | 17.448 | 17.143 | 16.842 | 16.546 | 16.255

0 t” 5.22 5.255 5.29 5.324 5.358 5.391 5.432
t3* 6.991 6.991 6.99 6.99 6.99 6.99 6.98

s 52.767 52.905 | 53.042 | 53.178 | 53.312 | 53.444 53.58

Q" 0.685 0.687 0.689 0.691 0.693 0.695 0.697

P 15.534 16.054 16.59 | 17.143 | 17.712 | 18.296 | 18.860

The deteriorating rate parameter ‘A," decrease, the optimal values of ti* t3* s* Q*and P* are
decreasing. As ‘A;’ increase, the optimal values of ti* t3* s* Q* and P* are increases. The
deteriorating parameter ‘A,” decrease, the optimal values of ti*, t3*, s* Q*and P* are increasing.
As ‘A, increase, the optimal values of ti*, t3*, s*, Q* and P* are decreases. The demand rate
parameter n’ decreases, the optimal values of s* are decreasing, the optimal values of t;* tz*, Q*
and P* increases. As parameter 1’ increases, the optimal values of s* are increasing, the optimal
values of t1*, t3*, Q* and P* decreasing. As the demand rate parameter ‘0’ decreases, the optimal
values of t1*, s* t3* Q* and P* are decreasing. As the parameter ‘0’ increases, the optimal values

of t1*, s*, t3* Q* and P* are increasing.
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Fig 2: Relationship between parameters and optimal values without shortages

Inventory model without shortages

In this section the inventory model for deteriorating items without shortages is developed and
analyzed. Here, it is assumed that shortages are not allowed and the stock level is zero at time t =
0. The stock level increases during the period (0, t1) due to excess production after fulfilling the

demand and deterioration. The production stops at time t; when the

inventory decreases gradually due to demand and deterioration in the interval (t;, T). At time T
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the inventory reaches zero. The Schematic diagram representing the instantaneous state of
inventory is given in Figure 3.

Fs

I

]
a T T
—— > time
Fig 3: Schematic diagram representing the inventory level without shortages.
The differential equations governing the system in the cycle time [0, T] are:

%I(t) + h(t)[(t)a%ﬁt —(n—6s) ; 0<t<t, (32)

v

SIO+hMIE) = —~(p—0s) 5 t<t<T (33)

Solving the differential equations. (32) and (33) using the initial conditions,
[(0)=0,1(t1) =S,and I (T) = 0, one can get the on hand inventory at time‘t’ as

1
Ayt \72 (n — 6s) (n — 0s)
1(t) = <m) [S —/127_1( —/12&)] 7(11 — A,t)
— (M — A,0)% IMdu 0<t<t, (34)
(M—At\E[. (= 65) (n - 65) |
1) = (m) [s ~ o1 - Aztl)] ta o =t S EsT
(35)

Stock loss due to deterioration in the interval (0, t) is
L) = [ k(t)dt — [[A(s,)dt —I(t) 0 <t <T

This implies
1
B \F A=At n—20s
1O =tn(1=Ce) "= 0= - {0 ) s -5 - )]
() =In at (n—0s)t PR s L,—1 A — A1)
1
n—0s Tf A — Lu) %
- - - 0<t<
+/12_1(/11 Apt) — (A — Axt)%2 ) «— fu ;0<t<t,
B 7 A=A 7 0
:8 1~ Zt AZ 77_ S
n(1-56) "m0 = (P ) |5 - g a — ot
n P! ( s) T — At S /12_1(1 at1)
n—0s
+/12_1(/11—/12t)} ; t<t<t,
Ordering quantity Q in the cycle of length T is
1
— a B
Q=1n(5) (36)

From equation (4.7.3) and using the condition I (0) = 0, we obtain the value of ‘S’ as
S =

1
(4 — Ayty) 22 ftl ( :

—0s

1
=) (U — L) Fad +

1, 1
[(Al Aoty) — A, o (Al—aztl)ﬂ]

[37)
Let K(t4, s) be the total cost per unit time. Since the total cost is the sum of the set up cost, cost of
the units, the inventory holding cost. Therefore the total cost is
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K(ty,s) = —+—+ (ftll(t)dt+f I(t)dt) (38)

Substituting the value of I (t), Q and S given in equation’s (23), (24), (25) and (26) in equation
(27), one can K (t,,s) as

K(tys) = 24+ 5m ( “ )%
S e VT
h ty % t; 1 _Ai
+ ; _fo (}.1 - ).zt) 2 I:ft m(}{l _/’{zt) Zdu] dt
s Ay — At,)s
N — At
+/1 1 1 T 221(/11 A2t5)
2 (A — At (A —,121;1)/12
1
T’ - 95 1_L 1+i 2._+1 1_L
— (A, — At A2(A, — At A2 — 272 (A, — At 4
+(/12_1)(/12+1)(1 2t1) A2(44 2t) A2 N 2t1) A2
n-0s Azt%
+ |2t - 22 (39) Let

P(t,, s) be the profit rate function. Since the profit rate function is the total revenue per unit
minus total cost per unit time, we have

P(t,s) =s(n—0s) —K(ty,s)

Where, K(t,,s) is defined in (36)

Optimal pricing and ordering policies of the model
In this section we obtain the optimal policies of the model under study. To find the optimal values
of t;, we equate the first order partial derivatives of P(t,, s) given equation in (29) with respect to
t1 and s and equate them to zero. The condition for maximization of P(ty,s) is

0%P(ty,s) 0%P(ty,s)

| ot 0t,0s
~|82P(ty,s) 82P(ty,s)
at,ds ds?

Differentiate P(t, s) with respect to tiand equating to zero, one can get

Cat,f~1 — [%U 1 - Azt)AzU p— (A, — A,t) Az”dtl

1
(Az+1)[< = 2" ) g G AZ]}ZO

(40)
Differentiate P(t;, s)with respect to ‘s’ and equating to zero, one can get

1

N 1
T —+1
2,72 M-1D%2 2,7

-1 Ap+1

T(2s6 —n)+h [AlT—“] =0 (41)

Solving the equations (30) and (31), we obtain the optimal time at which the replenishment is to
be stopped ti* of t1and the optimal unit selling price s* of s. The optimum ordering quantity Q" of
Q in the cycle of length T is obtained by substituting the optimal values of t; in (25).

Q" =In (a_‘;tl)% (42)

Numerical illustration of the model with shortages

In this section, we discuss a numerical illustration of the model. For demonstrating the solution
procedure of the model, let the inventory system without shortages has the following parameter
values:
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A =500, 550, 600, 650; A;=100, 125,150,175
C=11,115,12,12.5; A;=5,55,6,6.5
h=5,5.5, 6, 6.6; n=15,16,17,18
a=12,125,13,13.5; 6=0.50.6,0.7,0.8
B=3,3.253.5,3.75 n=5,55,6,6.5
T=12.
The values of above parameters are varied further to observe the trend in optimal policies and
the results obtained are shown in Table 3. Substituting these values the optimal ordering
quantity Q* production time, optimal selling price S* and optimal profit per unit time are
computed and presented in Table 3.
From Table 3. it is observed that the deterioration rate parameters and production rate
parameters have a tremendous influence on the optimal values of the model.

As the ordering cost ‘A’ increases from 500 to 650, the cost parameter ‘C’ increases from
11 to 12 and the deteriorating parameter ‘A,” various from 100 to 175, the optimal ordering
quantity Q*, the optimal production time t;"are decreasing and total profit K* are increasing, the
optimal selling price s* decreases.
As the holding cost ‘h’ increases from 5 to 6.5, the optimal ordering quantity Q, the optimal
production time t;", and the optimal selling price s* are decreases. The total profit P* increases. As
the production rate parameter ‘o’ varies from 12 to 13.5, the optimal ordering quantity Q" and
the total profit P* are increasing, the optimal production time t;* and optimal selling price s* are
decreasing. Another production rate parameter ‘B’ various from 3 to 3.75, the optimal ordering
quantity Q" and total profit P* are increasing, the optimal production time t;" and the optimal
selling price s” are decreasing.

As the deteriorating parameter ‘A, varies from 5 to 6.5, the optimal selling price s, the
optimal production time t;" and total profit P* are increasing, the optimal ordering quantity Q*
decreases. As the indexing parameter ‘n’ increases from 5 to 6.5, the optimal production time t1*,
the optimal selling price s* and total profit P* are decreasing, the optimal ordering quantity Q*
increases.

Table 3: Optimal values of production schedule, selling price and production quantity for
given values of the parameters and costs

A C h T « B Y A, n 0 t1 s Q P
500 | 11 5 [12 | 12 3 100 5 5 15 | 0.5 | 3.023 | 64.389 | 331.362 | 413.939
550 | 11 5 [12 | 12 3 100 5 5 15 | 0.5 | 3.021 | 63.448 | 330.802 | 415.765
600 | 11 5 [12 | 12 3 100 5 5 15 | 0.5 | 3.019 | 62.506 | 330.243 | 417.591
650 | 11 5 [12 | 12 3 100 5 5 15 | 0.5 [ 3.017 | 61.564 | 329.683 | 419.417
500 |11.5( 5 |12 | 12 3 100 5 5 15 | 0.5 | 3.005 | 62.268 | 325.561 | 418.052
500 | 12 5 [12 | 12 3 100 5 5 15 | 0.5 | 2987 | 60.263 | 319.791 | 421.94
500 | 125 5 |12 12 3 100 5 5 15 | 0.5 | 2969 | 58.369 | 314.07 | 425.612
500 | 11 | 5.5 |12 | 12 3 100 5 5 15 | 0.5 | 3.023 | 60.722 | 331.562 | 413.154
500 | 11 6 | 12| 12 3 100 5 5 15 | 0.5 | 3.024 | 57.666 | 331.762 | 412.369
500 | 11 | 6.5 |12 | 12 3 100 5 5 15 | 0.5 | 3.024 | 55.08 | 331.962 | 411.585
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500 | 11 5 12 | 12.5 3 100 5 5 15 | 0.5 | 2.987 | 64.004 | 333.201 | 414.693
500 | 11 5 12 | 13 3 100 5 15 | 0.5 | 2.954 | 63.605 | 335.055 | 415.47
500 | 11 5 12 | 13.5 3 100 5 5 15 | 0.5 | 2.922 | 63.195 | 336.925 | 416.267
500 | 11 5 12 | 12 3.25 | 100 5 5 15 | 0.5 | 2.798 | 62.354 | 340.094 | 417.888
500 | 11 5 12 | 12 3.5 100 5 5 15 | 0.5 | 2.623 | 59.858 | 350.731 | 422.726
500 | 11 5 12 | 12 3.75 | 100 5 5 15 | 0.5 | 2.484 | 56.799 | 363.724 | 428.657
500 | 11 5 12 | 12 3 125 5 5 15 | 0.5 | 3.023 | 63.661 | 331.399 | 413.795
500 | 11 5 12 | 12 3 150 5 5 15 | 0.5 | 3.023 | 63.238 | 331.421 | 413.708
500 | 11 5 12 | 12 3 175 5 5 15 | 0.5 | 3.023 | 62.959 | 331.436 | 413.65
500 | 11 5 12 | 12 3 100 | 5.5 5 15 | 0.5 | 3.023 | 64.51 | 331.356 | 413.962
500 | 11 5 12 | 12 3 100 6 5 15 | 0.5 | 3.023 | 64.649 | 331.349 | 413.989
500 | 11 5 12 | 12 3 100 | 6.5 5 15 | 0.5 | 3.022 | 64.814 | 331.341 | 414.02
500 | 11 5 12 | 12 3 100 5 55| 15 | 0.5 3.023 | 63.799 | 331.401 | 413.812
500 | 11 5 12 | 12 3 100 5 6 15 | 0.5 | 3.023 | 63.306 | 331.434 | 413.702
500 | 11 5 12 | 12 3 100 5 6.5 15 | 0.5 | 3.023 | 62.889 | 331.463 | 413.608
500 | 11 5 12 | 12 3 100 5 5 16 | 0.5 | 3.024 | 65.266 | 331.882 | 412.24
500 | 11 5 12 | 12 3 100 5 5 17 | 0.5 | 3.026 | 66.142 | 332.402 | 410.54
500 | 11 5 12 | 12 3 100 5 5 18 | 0.5 | 3.027 | 67.019 | 332.923 | 408.841
500 | 11 5 12 | 12 3 100 5 5 15 | 0.6 | 3.019 | 55.53 | 330.32 | 417.337
500 | 11 5 12 | 12 3 100 5 5 15 | 0.7 | 3.016 | 49.203 | 329.279 | 420.736
500 | 11 5 12 | 12 3 100 5 5 15 | 0.8 | 3.013 | 44.457 | 328.236 | 424.133

The demand rate parameter 7’ increases from 15 to 18, the optimal ordering quantity Q*, the
optimal production time t;", and the optimal selling price s* are increasing and the total profit P*
decreases. Another demand rate parameter ‘0’ increases from 0.5 to 0.8, the optimal values of t1",
s, Q" and are decreasing and P* increasing.

Sensitivity analysis of the model without shortages

The sensitivity analysis is carried to explore the effect of changes in model parameters and costs
on the optimal policies, by varying each parameter (-15%, -10%, -5%, 0%, 5%, 10%, 15%) at a
time for the model under study. The results are presented in Table 4. The relationship between
the parameters and the optimal values of the production schedule is shown in Figure 2.

From Table 4 it is observed that the production time t;" is moderately sensitive to C, h, 1 and 6
and slightly sensitive to the changes in other parameter values. The optimal ordering quantity Q*
is highly sensitive to the cost parameters C, h and demand parameters n and 6, moderately
sensitive to the indexing parameter 'n’ and less sensitive to the other parameters.

For example, increasing C by 15% results in 28.62% decrease in the quantity produced. The
optimal selling price s™ are highly sensitive to the demand rate parameters 8. A 15% increase in 0
results in 33.11% decrease in s” and less sensitive to the other parameters. The total profit P* is
highly sensitive to the demand parameter n and 6. A 15% decrease in 1 results in 22.07%
decrease in P* and decrease in 6 results in 10.21% increase in P* moderately sensitive to the
parameters ‘a’ and ‘n’ and less sensitive to the other parameters.
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Table 4 (a): Sensitivity Analysis of the Model - Without Shortages

Variation Optimal Change in parameters
Parameters | policies A5% | -10% 5% 0% 5% | 10% | 15%
A " 3.025 3.024 3.023 3.023 3.022 3.021 3.02
s 65.802 65.331 64.86 64.389 63.918 63.448 62.977
Q" 332.2 | 331921 | 331.641 | 331.362 | 331.082 | 330.802 | 330.523
P* 411.2 | 412.113 | 413.026 | 413.939 | 414.852 | 415.765 | 416.678
C " 3.079 3.061 3.042 3.023 3.003 2.983 2.964
s 72.289 69.496 66.865 64.389 62.062 59.875 57.822
Q 350.431 | 344.123 | 337.753 | 331.362 | 324.982 | 318.642 | 312.365
p* 398.621 | 404.038 | 409.139 | 413.939 | 418.451 | 422.691 | 426.673
h " 3.022 3.022 3.022 3.023 3.023 3.023 3.023
s 71.508 68.872 66.513 64.389 62.468 60.722 59.127
Q 331.062 | 331.162 | 331.262 | 331.362 | 331.462 | 331.562 | 331.662
pP* 415.116 | 414.724 | 414.331 | 413.939 | 413.546 | 413.154 | 412.762
o t" 3.169 3.117 3.068 3.023 2.98 2.941 2.904
s 65.483 65.218 64.827 64.389 63.925 63.442 62.944
Q 324.723 | 326.972 | 329.168 | 331.362 | 333.57 | 335.801 | 338.055
P* 411.534 412.26 | 413.072 | 413.939 | 414.847 | 415.787 | 416.753
B t" 3.62 3.385 3.188 3.023 2.881 2.76 2.655
s 67.196 66.359 65.43 64.389 | 63.218 | 61.895 | 60.399
Q 319.109 | 322.806 | 326.861 | 331.362 | 336.396 | 342.055 | 348.43
pP* 408.482 | 410.112 | 411918 | 413.939 | 416.212 | 418.778 | 421.678
Table 4 (b): Sensitivity Analysis of the Model - Without Shortages
Variation Optimal Change in parameters
Parameters | policies 15% | -10% |  -5% 0% 5% | 10% | 15%
A4 t" 3.022 3.022 3.023 3.023 3.023 3.023 3.023
s 65.16 | 64.857 | 64.604 | 64.389 | 64.204 | 64.042 63.9
Q 331.324 | 331.339 | 331.351 | 331.362 | 331.371 | 331.379 | 331.386
p* 414.086 | 414.029 413.98 | 413.939 | 413.903 | 413.871 | 413.843
y t" 3.023 3.023 3.023 3.023 3.023 3.023 3.023
s* 64.234 | 64.283 64.335 64.389 64.448 64.51 64.577
Q 331.369 | 331.367 | 331.364 | 331.362 | 331.359 | 331.356 | 331.353
p* 413.909 | 413.918 | 413.928 | 413.939 | 41395 | 413.962 | 413.975
n t" 3.022 3.022 3.022 3.023 3.023 3.023 3.023
s 65.535 | 65.111 | 64.731 | 64.389 64.08 | 63.799 | 63.542
Q 331.289 | 331.316 331.34 | 331.362 | 331.382 | 331.401 | 331.418
P* 414.176 | 414.089 | 414.011 | 413.939 | 413.873 | 413.812 | 413.755
t" 3.019 3.02 3.021 3.023 3.024 3.025 3.026
s 62.417 63.075 63.732 64.389 65.047 65.704 66.361
Q 330.19 | 330.581 | 330.971 | 331.362 | 331.752 | 332.142 | 332.533
P* 417.762 | 416.488 | 415.213 | 413.939 | 412.664 | 411.39 | 410.115
0 t" 3.025 3.024 3.023 3.023 3.022 3.021 3.02
s 73.769 70.295 67.187 64.389 61.858 59.557 57.456
Q 332.142 | 331.882 | 331.622 | 331.362 | 331.101 | 330.841 | 330.581
P* 41139 | 412.24 | 413.089 | 413.939 | 414.788 | 415.638 | 416.488
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Fig 4: Relationship between parameters and optimal values without shortages

Conclusion

In this paper a novel and trivial application of Generalized Pareto Distribution is considered for
developing the production scheduling with suitable cost considerations. Here it is assumed that
the production process is random and follows Generalized Pareto Distribution. The Generalized
Pareto Rate of Production and deterioration includes constant as well as time dependent rates.
The sensitivity analysis of the model revels that the distribution of deterioration and production
have tremendous influence on selling price, optimal production quantity, production up time and
production down times. It is also observed that allowed reduce the cost of production and utility
the resources more efficiently. It is also feasible to develop Economic Production Quantity
models with Generalized Pareto Rate of production and deterioration having influence with

multiple commodity which will be taken up else ware.
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